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In their efforts to explain scattering data by local interaction, theoretical physicists 
are sometimes faced with the prospect of trying to account for a highly nontrivial 
physical effect, which is so prominent that it transcends all potential models that they 
could come up with. Very often in such cases, a background interaction in the reference 
Hamiltonian H0 could be introduced that may bring about some improvements on the 
theoretical results [1]. However, rarely one could find an analytic form of the interaction 
model that could account for this phenomenon to ones satisfaction. Most importantly, 
even if this is done and found to be partially successful, the full effect of such 
background interaction, which might have induced substantial improvements on the 
results, is usually not included. This is due to the fact that in most of these theoretical 
calculations, the background interaction is confined to a finite region in configuration or 
function space and not taken in totality when obtaining the full solution to the reference 
problem [2]. The complication lies in trying to find an analytic solution of the combined 
reference problem that may prove to be very difficult to handle. Our contribution in this 
letter is to improve on this last point for a particular class of interactions. We are 
proposing to construct a deformation of the J-matrix theory of scattering [3] in which 
we could take into account the total effect of this deformation in the full analytic 
solution of the H0-problem. We consider a one-parameter linear deformation that is 
suitable for the interpretation of physical effects that could be modeled by singular 
ground state coupling. However, due to our lack of know-how in the field of data fitting 
and limited expertise to mathematical physics, no specific scattering data will be the 
target of our investigation. Instead, we will only be concerned with the development of 
the formalism, which will then be applied to a potential scattering example where the 
effect of such deformation is demonstrated. This effect will be calculated by taking the 
full contribution of the deformation in the reference Hamiltonian and compared to that 
where the effect is limited to a finite region in function space to which the short-range 
model potential is confined. We start by a brief qualitative introduction to the essentials 
of the J-matrix theory of scattering, which are necessary for this development. 
 
The J-matrix is an algebraic method of quantum scattering with substantial 
success in atomic and nuclear physics [4]. The accuracy and convergence property of 
the method compares favorably with other successful scattering calculation methods [5]. 
Its structure in function space is endowed with formal and computational analogy to the 
R-matrix method [6] in configuration space. The L2 basis in the J-matrix method is 
chosen such that it can support a tridiagonal matrix representation for the reference 
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Hamiltonian and the identity. This property allows for a full algebraic solution to the 
H0-problem. It is obtained as an analytic solution of the symmetric three-term recursion 
relation resulting from the tridiagonal structure of the matrix representation of the 
reference wave equation. The J-matrix method yields exact scattering information over 
a continuous range of energy for a model potential obtained by truncating the given 
short-range potential in a finite subset of this basis. It was shown to be free from 
fictitious resonances that plague some algebraic variational scattering methods [7]. It 
has also been extended to multi-channel [8] as well as relativistic [9] scattering. 
Recently, a modification to the formalism was introduced to account for coupling to 
long-range potentials [10]. 
 
The J-matrix aims at giving an algebraic solution to the problem whose time 
independent Schrödinger wave equation is 
( )0 ( ) 0H V E Eχ+ − =!  
where the wave function χ is energy normalized, that is ( ) ( ) ( )E E E Eχ χ δ′ ′= − , and 
belongs to an L2 space whose basis elements, { } 0n nφ
∞
=
, are chosen such that they produce 
a tridiagonal matrix representation for the operator 0( )J E H E≡ − . The short-range 
model potential V!  is assumed to be well represented by its matrix elements in a finite 
subset of this basis { } 10
N
n n
φ −
=
 for some large enough integer N. On the other hand, the 
reference problem whose wave equation is written as ( )0 ( ) 0H E Eψ− = , where 
( ) ( )n nnE d Eψ φ=∑ , has a full analytic solution. That is the symmetric three-term 
recursion relation resulting from the equivalent matrix wave equation 
0
( ) ( ) 0nm m
m
J E d E
∞
=
=∑ ; n ≥ 0        (1) 
is solved analytically for the expansion coefficients { } 0( )n nd E
∞
=
 of the reference wave 
function. Typically, there are two sets of such solutions to the H0-problem; one is 
regular at the origin while the other is not. Regularization gives two wave functions that 
behave asymptotically as sinusoidal with a phase difference of 2π . The corresponding 
expansion coefficients are ( ) ( )n nd E s E=  for the regular sine-like solution and 
( ) ( )n nd E c E=  for the regularized cosine-like solution. The analytic expressions for 
these coefficients in the J-matrix bases that are suitable for several reference problems 
are found and tabulated elsewhere in the literature [11]. The initial relations imposed by 
regularization on the recursion (1) are 
00 0 01 1
00 0 01 1 0
0
2
J s J s
J c J c k s
+ =
+ =
         (2) 
where 2k E= . The remaining relations are 
, 1 1 , , 1 1 0n n n n n n n n nJ d J d J d− − + ++ + = ; n ≥ 1      (3) 
where dn stands for either sn or cn. We choose to work instead with the complex 
coefficients defined as ( ) ( ) ( )n n nh E c E is E
± ≡ ±  and with the J-matrix kinematical factors 
obtained from these as the ratios ( ) ( ) ( )n n nT E h E h E
− +=  and 1 1( ) ( ) ( )n n nR E h E h E
± ± ±
+ += . 
The homogeneous three-term recursion (3) and its initial relations (2) can now be 
rewritten in terms of these complex coefficients as 
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00 0 01 1 0 0( )J h J h ik h h
± ± ±+ = − ∓         (2) 
, 1 1 , , 1 1 0n n n n n n n n nJ h J h J h
± ± ±
− − + ++ + =  ; n ≥ 1      (3) 
 
Now a linear deformation in the recursion, whose physical implications to the H0-
problem will be interpreted shortly, is introduced as follows: 
00 0 01 1 0 0 0
    ( )J h J h h ik h hµ± ± ± ±+ = − + − ∓       (4) 
where µ is the real deformation parameter whose dimension is that of energy. All 
quantities with the caret symbol refer to the new problem, which are obtained from the 
original ones by this deformation. The homogenous recursion relation (3) is invariant 
under this deformation (i.e. it remains the same in terms of the coefficients nh
± ). To 
obtain the full analytic solution to the 0H -problem, we propose the following 
transformation of the coefficients 
( , ) ( , ) ( )i En nh E e h E
τ µµ± ± ±=         (5) 
such that the original H0-problem is recovered. τ(µ,E) is a real energy-dependent phase 
angle parameterized by the deformation constant µ. This transformation induces the 
following change in the J-matrix kinematical factors 
2
1 1
   ;  in n n nT e T R R
τ− ± ±
+ += =  ; n ≥ 0 
Substituting from (5) into (4) and using (2) we obtain the following analytic expression 
for the transformation phase 
( )
1
2
0 0
00 01 1
1 1ie T T
J J R
τ µ
−
+
 
= + − + + 
      (6) 
It is evident that the linear deformation introduced in (4) is equivalent to the 
transformation in the reference Hamiltonian 0 0H H→ , where 
( ) ( )0 0 0 0 n mnmnmH H µδ δ= +         (7) 
This could be interpreted as a singular effect coupled only to the ground state. 
Following the standard J-matrix scattering calculations [3], we arrive at the following 
expression for the N th order scattering matrix: 
1, 1 1,( ) 2 ( , )
1
1, 1 1,
1 ( , ) ( ) ( ) ( , ) ( )
1 ( , ) ( ) ( )
N N N N NN i E
N
N N N N N
g E J E R E
S E e T E
g E J E R E
τ µ µµ
µ
−
− − −−
− +
− − −
+
=
+
  (8) 
where the finite Greens function 
( ) 11, 1 1 0 1 ( , )N N N Ng E H V Eµ φ φ−− − − −= + −!  
is evaluated in the L2 conjugate space whose elements { } 0n nφ
∞
=
 satisfy n m nmφ φ δ= . 
 
Now, we apply this deformation to a problem whose reference Hamiltonian 
includes the Coulomb interaction Z r  and consider single channel scattering by the 
potential 2( ) 7.5 rV r r e−=!  which is known to have an S-wave Coulomb-free sharp 
resonance at Er = 3.426 in atomic units [12]. The results of scattering calculation using 
this J-matrix deformation formalism are shown graphically as plots of 1 S−  versus the 
energy E. The solid curve is obtained by taking the full effect of the deformation into 
account as given by the scattering matrix in equation (8). The dashed curve, on the other 
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hand, is obtained by considering only the truncated 0H -problem which is equivalent to 
the H0-problem except that 0 0nm nm n mV V µδ δ→ +! ! , where n,m = 0,1,,N−1. That is, the 
scattering matrix for the truncated problem is that given by the expression in (8) except 
that the phase factor 2ie τ−  is missing. The calculation was done in the J-matrix Laguerre 
basis [3] with a basis scale parameter λ = 5.0 while the physical parameters were taken 
as Z = 0, l = 0, and µ = 1.0. Figure 1(a) gives the results for a subspace whose 
dimension N = 20. It is evident that truncating the effect of deformation fails to 
reproduce, or approach, the right results even if N were to be increased to 
computationally manageable dimensions as signified by the plots in Figure 1(b) and 
1(c) where N = 30 and 50, respectively. However, prominent physical effects (for 
example, the sharp resonance at Er = 3.62 a.u., which was clearly shifted by the 
deformation) are captured in both calculations. Figure (2) is a plot of the transformation 
phase angle ( , )Eτ µ  given by formula (6), in radians, as a function of energy for the 
parameters whose values are stated above. 
 
Finally, it is worthwhile to note that higher order linear deformation is also possible. We 
are currently investigating this problem where three- and six-parameter deformation has 
been achieved and results are to be published shortly elsewhere. Here, it might be 
appropriate and sufficient to highlight some of the main results obtained for the three-
parameter deformation. In this case and in analogy with Eq. (7) for the one-parameter 
deformation, the reference Hamiltonian transforms as follows: 
0
0 0
0
H H
µ µ
µ µ
+
−
 
= +  
 
 
which could be interpreted as an effect originating from close coupling of the lowest 
states. The resulting transformation phase needed for the evaluation of the scattering 
matrix in equation (8) is 
( )
( ) ( )
2 2
2 01 0 01 1
0 0
01 1 01 0
12
01 0
00 01 1 00 1
01 1
1i J J Re T T
J R J
J
J J R J R
J R
τ µ µ
µ µ
µ
µ
µ
+
−
+
−
−
+ +
+ +
−
 + −= + − × − +  
 + + + +  −    
 
Furthermore, an exact numerical solution was also obtained for the problem with three-
parameter deformation defined by 
( ) ( )0 0 0 0 , , 0 0 0 0 n m n M m M n mM nM mnmnmH H µ δ δ µ δ δ µ δ δ µ δ δ+ −= + + + +  (9) 
for a given positive integer M. This could also be interpreted as singular coupling of two 
non-neighboring states (e.g., in a model for a crystal with coupling between two 
separated lattice sites). Figure (3) gives the resulting transformation phase angle in this 
case with the following parameters Z = 1, l = 0, M = 7, λ = 5.0, and 
01.0, 0.5, 0.7µ µ µ+ −= = = −         (10) 
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FIGURE CAPTIONS 
 
FIG. 1: 1 ( , )S Eµ−  vs. the energy E for scattering by the short range potential 
2( ) 7.5 rV r r e−=!  with the deformed reference Hamiltonian given by Eq. (7). The dashed 
curve is the result of calculation for a truncated 0H -problem, while the solid curve is 
obtained by taking the full effect into account. The subspace dimension in Figure (a), 
(b), and (c) is taken as N = 20, 30, and 50, respectively. The physical parameters were 
set to Z = 0, l = 0, and µ = 1.0 a.u. while the Laguerre basis scale parameter λ = 5.0. 
 
FIG. 2: The transformation phase angle ( , )Eτ µ  in radians as a function of energy for 
the problem whose physical parameters are listed in the caption of Fig. 1. 
 
FIG. 3: The result of numerical evaluation of the transformation phase angle as a 
function of energy for the three-parameter deformation defined by Eqs. (9) and (10). 
The remaining parameters used in the calculation are Z = 1, l = 0, M = 7, and λ = 5.0. 
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